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Formulas for the Phase Characteristics in the Problem of
Low-Earth-Orbital Debris

Joshua Ashenberg*
Chelmsford, Massachusetts 01863

Some formulas and relations for estimating the characteristics of the different phases in the problem
of debris propagation are suggested. The methods are based on the assumption of a weak isotropic explosion
as the orbital breakup mechanism. This assumption leads to a simple formulation of the torus, the apsidal,
and the nodal closure times. A criterion that guarantees the separation of the atmospheric dissipation
phase from the nodal dispersion is suggested as well.

Nomenclature
a = semimajor axis
a = orbital elements vector
A = particle reference area
CD = drag coefficient
e = eccentricity
H = altitude
i = inclination
J2 = second zonal harmonic of the Earth
M = mean anomaly
m = particle mass
n = mean orbital rate
RE = Earth's equatorial radius
r = radius vector
T = orbital period
t — time
u = argument of latitude
V = speed
Vr = radial impulse
Vw = orthogonal impulse
Ye = transverse impulse
8 = variation operator
8 = Dirac delta function
ft = true anomaly
JJL = geocentric gravitational constant
p = atmospheric density
ft = latitude of ascending node
co = argument of perigee

I. Introduction

T HIS work deals with the dispersion of low-Earth-orbital
debris, under the perturbations of the Earth's oblateness

and the atmospheric drag. The breakup event is modeled as an
isotropic explosion. The objective is to find simple formulations
for the typical characteristics and the time orders of the propaga-
tion phases. It is customary to distinguish between the following
four phases.1

Phases I and II are dominated by the two-body dynamics,
whereas phases III and IV are due to the Earth's oblateness
and the atmospheric drag, respectively. During phase I, which
lasts only a few orbital revolutions, the ensemble of fragments
forms a pulsating ellipsoid.2 During phase II, the debris cloud
spreads out to form a toruslike shape along the parent orbit.
Phase III is dominated by the Earth's oblateness perturbations.
The different apsidal and nodal drift rates cause a zonal disper-
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sion that leads to a debris band that covers a part of the Earth
and is confined in latitude depending on the parent inclination.
Phase IV starts (ideally) after the band closure has been com-
pleted. This last phase is dominated by the atmospheric dissipa-
tion and leads finally to the "cleaning" via the orbital decay of
the particles.

The main assumption is the restriction of the breakup to a
weak, isotropic explosion. Thus, the initial condition for the
dispersion will be formulated as a variation

- /o) V • 8V (1)

where V is the unit vector along the nominal orbit. In view of
Eq. (1), the instantaneous changes in the orbital elements, due
to the velocity impulse at breakup, are well formulated by
Poisson's method3'4:

= Sr + Oor (2)

The variations, due to the impulse at breakup, that are needed
for further application are4

[Wrj e sin ft + 8 Ve, (1 + e cos ft)]

8V, sin ft + SVe.
2 cos ft + (1 4- cos:

e cos
:os2 ft) e~\
ft J

8// = 8VW.:
na(l + e cos ft) (3)

These variations are evaluated for each particle j. Proceeding
with this approach, phase III consists of an ensemble of a
secular precessing ellipse, defined by the well-known kinemati-
cal relations5

= aQj

Mj = MO,. +
o>- = wo +

<V e<>j, k)
<kJ9 eQj, /Q.)

(4)

where Af = t - t0.
Now, it is rather impractical to regard each particle separately.

As we will see later on, it is sufficient to consider only a couple
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of particles. These will give the necessary information about
each phase. A trivial and popular choice is the particles along
the direction of the extreme orbital energy.6'7 However, we will
find that this is not always the most accurate way.

The following sections present some tools for a preliminary
estimation of the dispersion phases. Phase I is not considered,
since it has been solved explicitly, for circular orbits6 as well
as for eccentric orbits.2 The discussion on the other phases is
based on the assumption of small variations. The approach to
phase III is based on the differential changes of the orbital
elements.8'9 Finally, a condition for separating phases III and
IV is presented.

II. Phase II: Orbital Torus Closure
The pulsating ellipsoid of debris stretches out along the parent

orbit due to different orbital rates among the ensemble of frag-
ments. The variation of the orbital period 87 is a function of
the variation of the semimajor axis, which depends on the
breakup impulse 8K i.e., 87 = 87(8V). Expanding the period
difference, Ar = 87 + Vfc!82r + • • •, where 87; S2?; . . . , are
the first variation, second variation, and so on, we obtain a
power series in §V. The torus closure is completed when the
fastest fragment meets the slowest one. These two particles are
the extreme energy particles of the ensemble and have the
following velocity increments: 8V+ = maxfV-SV}, 8V_ ==
minfV-F} where I8VJ = 18VJ. The total difference in orbital
period is Ar = AT(8V+) - Ar(8V_). This total difference is
obtained by expanding the orbital difference in a Taylor series

xlO4

dT da 1 dT
(5)

The partials are computed directly from the orbital period and
the energy. The even variations of the total difference cancel
out, and we end up with the approximation

(6)

Defining NT as the number of revolutions for torus closure, and
using the relation

we obtain the following relation,

(7)

(8)

which may be further simplified in the case of a small eccen-
tricity

NT
1

68V/ V (9)

Note that for a typical weak explosion6 8V7V = G(10~2).
Figure 1 presents a map of the number of revolutions for

torus closure as a function of the semimajor axis and the eccen-
tricity. Two cases are considered: breakup at perigee and
breakup at apogee. The corresponding number of revolutions are
Np and NA, respectively. Increasing the semimajor axis results
in fewer revolutions to complete the closure. Increasing the
eccentricity reduces the number of revolutions for a perigee
breakup but increases it for an apogee breakup, because NT is
inversely proportional to the orbital velocity at breakup.

0.25 0.30.05 0.1 0.15 0.2

eccentricity

Fig. 1 Map for the torus closure.

To summarize this section, we have derived a simple formula
for predicting the number of orbital revolutions from breakup
to the torus closure. It is an approximate expression and is
mostly accurate for a weak impulse.

III. Phase III: Apsidal and Nodal Closures
Consider the effects of the isotropic explosion on the propaga-

tion of the orbital elements under the influence of the Earth's
oblateness. Since the relative impulse of breakup, 8V/K is much
smaller than 1, we can expand the averaged orbital elements
in 8V7K The first order of expansion consists of the following
parts: the initial orbital elements, the small initial "jumps" due
to the breakup impulse, the nominal secular precessing ellipse,
and the variations in it due to the changes in a, e, and L This
model is represented by the following formulation,

8% (10)

where a denotes the vector of the orbital elements {a, e, i, M0,
a), fl}. Thanks to Poisson's formulation, the variations are a
linear mapping of the impulse. Thus, the variations of the orbital
elements of each particle j can be written as 80, = S8V/. The
6 X 3 , time-dependent matrix S will be named here as the
sensitivity matrix and is given explicitly in the Appendix. The
impulse is expressed in terms of the radial, transverse, and
orthogonal components, 8V = {8Vr, 8Ve, §VW}. To summarize
the model, the orbital elements of each particle are computed
by applying the nominal secular precessing ellipse and the
sensitivity matrix along the parent (nominal) orbit

Next, we wish to simplify this method to obtain tools for a
fast prediction for the debris apsidal and nodal closures. The
approach is to identify two couples of particles: the slowest
and the fastest in terms of nodal and apsidal rates. Let us
consider the relative apsidal and the relative nodal rates as a
first-order approximation:

de (12)

di

Comparing the partialsj)rder of magnitude (Appendix) indicates
that the order of d{o>, £l}/de is C(e) relative to the order of the
other partials. Therefore, the first-order approximation for a
small eccentric orbit is
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da dl

Now the changes of the semimajor axis and the eccentricity in
Poisson's formulation can be approximated as Sa « (2/ri) 8Ve
and 81 *** (cos ulna) 8VW. It should be noted at this point that
the couple of particles are probably ejected out of the orbital
plane. The reason is the inclination in the oblateness disturbing
function. For the purpose of identifying these particles, we
express the impulse as 8V = 8V cos J3£e + 8V sin $ew, where
ee and ew represent the transverse and the orthogonal direction
and p measures the out-of-plane angle of the projected particles.
Note that the radial component was omitted because we have
assumed a small eccentricity. It can be neglected as well in
eccentric orbits if the breakup occurs near the perigee or the
apogee, as easily seen from Poisson's formulation. The final
expression for the relative apsidal rate for a particle ejected
with the impulse {8K P) is

5— 3 ,^(x)bo) « --Ji—r

X --| sin'
(14)

I COS 4- - sin 2i cos jx sin p 8V

Evaluating the extremum of 8o> with respect to p gives the
direction corresponding to the fastest relative apsidal rate

tan = 5 sin 2i cos u
14 (2 - 5/2 sin2/)

A similar procedure leads to the relative nodal closure

(15)

— 3 R2 I
8ft « -/2 -y 1 7

2 a
cos i cos p + sin i cos u sin P I 8V (16)

which is maximal at

tan p = 1II tan i cos u (17)

The two couples (apsidal and nodal) are in a phase of 180 deg.
Thus, the differences between the fastest and the slowest drifts
are A{o>, ft} = 2{I8 col,- I8ftl}, and the times for apsidal and
nodal closures are

(18)

Figure 2 describes the relative nodal rate as a function of the
ejection angle for various inclinations and for u — 0 deg. The
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Fig. 2 Maximal relative nodal rates.

dotted line indicates the maximal relativejiodal rate. It shows
the deviation of the ejection angle for 8ftmax from the orbital
plane. The maximal energy solution (the vertical axis) matches
only the single case of an equatorial orbit. Note that the current
figure corresponds to an explosion at the ascending node.

Figure 3 shows the influence of the breakup location
(ascending node, pole, and descending node). The solutions for
the maximal relative nodal rates are symmetrical with respect
to w=0, in which the solution is identical with the maximal
energy solution. The nodal closure is mainly affected by the
inclination. The time for nodal closure in equatorial orbits is
at least one order of magnitude faster than the closure time in
polar orbits.

In summary of this section, two couples of particles that
define the apsidal and the nodal closures, have been identified.
A closed-form expression for the typical times of phase III are
straightforward byproducts.

IV. Conditions for Phase IV
An idealistic approach for dealing with the current phase is

to separate it from the previous phase. This means that the
fourth phase starts after a complete nodal and apsidal dispersion.
In other words, the oblateness and the atmospheric perturbations
are never acting together. However, in certain cases both pertur-
bations are in the same order of magnitude. Then the approach
of separation fails, and we must deal with the rather complicated
transition process.

In this section, we wish to find a simple criterion for the
set of parameters that allows (approximately) the separation
between phases III and IV. We start with phase IV and assume
that phase III has been completed. An additional assumption
of small eccentricity leads to the following solvable equation
for the orbital decay:

da- (19)

Since the semimajor axis is a slow variable, the orbital decay
A0 can be restricted such that kala «l. The first-order
approximate solution is

Aa ^ —— CDpm - to) (20)

The decay time order is a matter of definition and should be
determined according to the user criterion for the maximal
orbital decay. Let A<2max be such a decay; then the corresponding
time order for phase IV is
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Fig. 3 Maps for the relative nodal rate.
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Now the changes of the semimajor axis and the eccentricity in
Poisson's formulation can be approximated as 80 ^ (2/n) 8Ve
and 81 ** (cos ulna) §VW. It should be noted at this point that
the couple of particles are probably ejected out of the orbital
plane. The reason is the inclination in the oblateness disturbing
function. For the purpose of identifying these particles, we
express the impulse as 8V = 8V cos p£9 + 8V sin $ew, where
20 and ew represent the transverse and the orthogonal direction
and p measures the out-of-plane angle of the projected particles.
Note that the radial component was omitted because we have
assumed a small eccentricity. It can be neglected as well in
eccentric orbits if the breakup occurs near the perigee or the
apogee, as easily seen from Poisson's formulation. The final
expression for the relative apsidal rate for a particle ejected
with the impulse {8VJ (3} is

— - sin2 / ] cos p H- - sin 2i cos p, sin P
(14)

8V

Evaluating the extremum of 8o> with respect to p gives the
direction corresponding to the fastest relative apsidal rate

tan p = 5 sin 2i cos u (15)14 (2 - 5/2 sin2/)

A similar procedure leads to the relative nodal closure

— 3 R2 I \8ft ~ -J2 -^ (7 cos i cos p + sin i cos u sin p 8V (16)

(17)

which is maximal at

tan p = 1/7 tan i cos u

The two couples (apsidal and nodal) are in a phase of 180 deg.
Thus, the differences between the fastest and the slowest drifts
are A{o>, U} = 2{I8 wl, 1801}, and the times for apsidal and
nodal closures are

• -=A{o), 11} (18)

Figure 2 describes the relative nodal rate as a function of the
ejection angle for various inclinations and for u = 0 deg. The
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Fig. 2 Maximal relative nodal rates.

dotted line indicates the maximal relativejiodal rate. It shows
the deviation of the ejection angle for 8Omax from the orbital
plane. The maximal energy solution (the vertical axis) matches
only the single case of an equatorial orbit. Note that the current
figure corresponds to an explosion at the ascending node.

Figure 3 shows the influence of the breakup location
(ascending node, pole, and descending node). The solutions for
the maximal relative nodal rates are symmetrical with respect
to w=0, in which the solution is identical with the maximal
energy solution. The nodal closure is mainly affected by the
inclination. The time for nodal closure in equatorial orbits is
at least one order of magnitude faster than the closure time in
polar orbits.

In summary of this section, two couples of particles that
define the apsidal and the nodal closures, have been identified.
A closed-form expression for the typical times of phase III are
straightforward byproducts.

IV. Conditions for Phase IV
An idealistic approach for dealing with the current phase is

to separate it from the previous phase. This means that the
fourth phase starts after a complete nodal and apsidal dispersion.
In other words, the oblateness and the atmospheric perturbations
are never acting together. However, in certain cases both pertur-
bations are in the same order of magnitude. Then the approach
of separation fails, and we must deal with the rather complicated
transition process.

In this section, we wish to find a simple criterion for the
set of parameters that allows (approximately) the separation
between phases III and IV. We start with phase IV and assume
that phase III has been completed. An additional assumption
of small eccentricity leads to the following solvable equation
for the orbital decay:

da- A- (19)

Since the semimajor axis is a slow variable, the orbital decay
Aa can be restricted such that kala «\. The first-order
approximate solution is

CDp J\La(t - to) (20)

The decay time order is a matter of definition and should be
determined according to the user criterion for the maximal
orbital decay. Let Aamax be such a decay; then the corresponding
time order for phase IV is
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Fig. 3 Maps for the relative nodal rate.
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(21)

On the other hand, we regard the time for the different drift
rates to complete a nodal closure ,as the time order of phase III

Ta =
217

3J2n(R@/a)2 !/(/, u)\ (8V/V) (22)

where

/ = (7 cos i cos P + sin i cos w sin p) lmax{p} (23)

= 7 cos zVl + 1/49 tan2 /cos2 M
Comparing both time orders, it is useful to define the following
nondimensional number S, named the band number:

def 2ir(A/m)CDpV
2U2n(R@)/a)2 cos iVl + (1/49) tan2 i cos2 u(§amja)

_Tf t 8V
" TD ' V

The completeness of the band closure is guaranteed if

(24)

S <$ y (25)

which is equivalent to TD > T^ .
Figure 4 describes the band number as a function of the

altitude H and the ballistic ratio Aim. The criterion for the decay
time order was chosen such that A0max/a = 0.1. The band number
is compared with several impulses for indicating the sets of
parameters that give rise to a band closure.

In summarizing this section, we have defined the band num-
ber, which helps us set the limits between phases III and IV
The two phases can be dealt with separately if the breakup
impulse is much greater than the band number, only after a
few hundred days (the time order of the band closure) that the
dissipation has to be considered.

V. Concluding Remarks
Simple procedures to estimate the debris orbital, apsidal, and

nodal closures have been developed. These handy formulas
save the need for a heavy numerical integration for each particle
and enable the user to obtain a quick prediction of the time
order for each phase. An explosion at perigee gives rise to a
faster torus closure than an apogee explosion. It was found that
the fastest and slowest relative apsidal and nodal rates are not
dominated by the extreme energy particles. The orientation of
these particles is mostly a function of the orbital inclination.
To eliminate the mixing between phases III and IV, the band
number is defined. It decreases with the altitude and increases
with the ballistic ratio. Small values of this number, compared

o.

o.

0.

200 300 500 600

H[Km]
Fig. 4 Band number.

with the impulse strength, guarantee the completeness of the
nodal dispersion.

It is essential to notice that the mechanism of the breakup
is unpredictable; therefore the impulse strength is a random
input that needs to be estimated before applying it to the current
model. It is also important to mention that this paper was not
intended to present a comprehensive solution to all aspects
of the propagation phases. The goal of this research was the
development of tools for a preliminary prediction, in other
words, a "first shoot." The next step is the more exact computa-
tion of the ensemble density propagation in phases II, III, and
IV. This remains an unsolved problem and a challenging subject
for future research.

Appendix
The complete expression for the sensitivity matrix is given

by the following time-dependent matrix. The partials are pre-
sented in Table Al and are separated into two groups: those
related to the breakup (impulse) and those related to the secular
precessing ellipse.

dVr

0

S= aj!K|Q i / mi a#p aw de$
~dv~r (da~dvr ~de avr dV,

ave

0

— dflo , djj[

0

0

eQ \. an oz0 A
- |Ar ^7^7Ar

di dvw

oaio / aco qflQ dp) oeQ \ . CKOQ / 0a> C/OQ , £<o
av; laaav; de av;] * WQ [daW* ~a7<

deQ

da dVr de dVr

an aoo an
dVw
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Table Al The partials for the sensitivity matrix

Impulse Secular precessing ellipse
da 2e sin ft
av;" nbm

da_ = 2(1 + e cos ft)
aV6 ~~ nbm

de = g'/2sin ft
dV r" /KZ

ae = bm[2 cos ft + (1 + cos2 ft)g]
aVe na(\ + e cos ft)

di _ £l/2cos(o> + ft)

dn 9- = -

dn
— =di

3 .

da --a3
5 . , .11 - - dn- -sm~ i\\-2n + a —

dVw na(\ + e cos aw 3 r * © o 5 . 2 . -^ r— = ^ H \ b 2 - - sin2 1\\ 4en + b —de 2 2a 2

aM0 b [ , 2e—— = —— cos ft — —————
dVr nae \ 1 + e cos ft

aM0 = b(2 + e cos ft)sin ft
aV6 ~~ /w*(l + e cos ft)

ao> bmcos ft

aw g'/2(2 + g cos ft)sin ft
aVe nae(\ + £ cos ft)

ao) g1/2sin(g) + ft)cot "i
aVw raz(l + e cos ft)

afl _ £1/2sin(o> + ft)

an 3— = -da 2

5 .

c 2 - «^ 2cos i 2n - a —
da

aft 3 J^r 3 J. - _,_ rdnl— = --r yj— & 3cos i 4^n .+ b — \de 2 \ a I |_ de\

a/ 2 sin i — cos * —di

3VW na(\ + e cos ft)sin i
where 5 = 1 — e2
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